Transport-theoretic extensions of quantum field theories 



Marijan Ribaric and Luka Sustersic 

Jozef Stefan Institute, Jamova 39, p.p. 3000, 1001 Ljubljana, Slovenia 

Corresponding author: Luka Sustersic, Jozef Stefan Institute, 
Jamova 39, p.p. 3000, 1001 Ljubljana, Slovenia 
e-mail: luka.sustersic@ijs.si 

telephone: +386 61 177 3258 fax: +386 61 123 1569 



Abstract 

We propose a new, transport-theoretic (tt) class of relativistic extensions 
of quantum field theories of fundamental interactions. Its concepts are inspired 
by Feynman's atomistic idea about the physical world and by the extension of 
fluid dynamics to shorter distances through the Boltzmann transport equation. 
The extending tt Lagrangians imply the original Lagrangians as path-integralwise 
approximations. By constructing a tt Lagrangian that extends a general gauge- 
invariant Lagrangian, we show that a tt extension of the standard model is feasible. 
We define a tt Lagrangian in terms of tt fields of the spacetime variable and an 
additional, four- vector variable. We explain the fields of quantum field theories as 
certain covariant, local averages of tt fields. Only two tt fields may be needed for 
modeling fundamental interactions: (i) a four-vector one unifying all fundamen- 
tal forces, and (ii) a two-component-spinor one unifying all fundamental matter 
particles. We comment on the new physics expected within the tt framework put 
forward, and point out some open questions. 
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1. Introduction and motivation 



One can describe the strong, weak, and electromagnetic interactions at presently 
accessible energies, with required precision, by the standard model. Nowadays, 
however, this model is generally believed to be a low-energy approximation to 
a more fundamental theory [1]. Yet it is not clear to what kind of theory, and 
what physics is lost as a result of this approximation; e.g., Salam [2] suggested 
that the physics of quantum gravity is lost. Some theorists are looking for an 
improved theory of fundamental interactions outside the framework of quantum 
field theories in four-dimensional spacetime IR^'"^ (QFTs), formulated in terms of 
fields of only four independent, continuous variables. To explain premises of the 
standard model, to extend it, and to include gravity, they study quantum field 
theories in higher-dimensional spacetimes IR^'"', n > 3 [3]. 

The ultraviolet divergences of realistic QFTs may be seen as a sign of inad- 
equate treatment of physical processes at higher energies — processes determined 
by the experimentally unexplored, small-distance physics of fundamental inter- 
actions [1,4]. Already sixty years ago, Heisenberg [5] proposed that a QFT can 
provide only an idealized, large-scale description of quantum dynamics, valid for 
distances larger than some fundamental length. As it is still not clear how to 
extend present QFTs of fundamental interactions to shorter distances, we will 
consider to this end a new quantum field theory in eight dimensional IR^'^ x IR^'^. 

It is nowadays customary to specify a QFT by choosing (1) a finite number 
of c-number fields of the spacetime variable x e IR-*^'^ (fields), ipk{x), and (2) a 
classical Lagrangian density (Lagrangian) C defined in terms of ipk and of their 
first-order, spacetime derivatives d^tj^k- The QFT probability amplitudes, repre- 
senting quantum dynamics, can then be expressed in terms of the Feynman path 
integral [1, 6] 



To extend a QFT, we are going to look for such an extending Lagrangian that the 
path integrals specified by it may be approximated by the corresponding QFT 
path integrals, providing some characteristic length of the extending Lagrangian 
tends to zero. 

The Euler-Lagrange equations 



of present QFTs are nonlinear, coupled, covariant, partial-differential equations 
[1,4,6]. Following Bjorken and Drell [4] and Feynman [7], we may wonder once 




(1.1) 



where the action 




(1.2) 




(1.3) 
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again, some thirty years later, what kind of equations could be the Euler-Lagrange 
equations in theories that will extend present QFTs to shorter distances? Com- 
menting on the "underlying unity" of nature, Feynman [7] noted that the partial- 
differential equation of motion "... we found for neutron diffusion is only an ap- 
proximation that is good when the distance over which we are looking is large 
compared with the mean free path. If we looked more closely, we would see indi- 
vidual neutrons running around." And then he wondered, "Could it be that the 
real world consists of little X-ons which can be seen only at very tiny distances? 
And that in our measurements we are always observing on such a large scale that 
we can't see these little X-ons, and that is why we get the differential equations? 
. . . Are they [therefore] also correct only as a smoothed-out imitation of a really 
much more complicated microscopic world?" Presuming that Feynman was on 
the right track with this atomistic idea, we believe that the kinetic theory of gases 
suggests a way to obtain such Lagrangians for modeling fundamental interactions 
that extend the Lagrangians of QFTs to shorter distances. 

In the kinetic theory of gases, one describes large-scale phenomena by a fi- 
nite number of fields, so-called macroscopic variables such as number density, 
macroscopic mean velocity, pressure tensor, heat-flow vector, and kinetic-energy 
density [8, 9] . For such large-scale phenomena where changes in macroscopic vari- 
ables over a mean collision time and over a mean free path are sufficiently small, 
one can predict the evolution of these fields accurately enough by the partial- 
differential equations of fluid dynamics. Otherwise, one must resort to a more 
detailed description of physical processes. To better approximate the evolution 
of macroscopic variables, one may use the one-particle distribution: a function of 
spacetime positions x and of four- momenta p of constituent particles, i.e., of eight 
independent, continuous variables. This classical function of x,p e IR-*^'^ (tt field) 
determines the values of macroscopic variables through certain local averages over 
four-momenta p. For a sufficiently rarefied gas, it is accepted that the equation 
of motion for such tt field is an integro-differential, Boltzmann transport equa- 
tion, which is local in the spacetime variable x, but not in the four- momentum 
variable p. As it takes some account of gas "granularity" , the Boltzmann equa- 
tion describes dynamics of physical processes also at vastly smaller distances than 
the partial-differential equations of fluid dynamics. These small-scale physical 
processes determine the large-scale, fluid phenomena described by macroscopic 
variables. The natural time of evolution of macroscopic variables, which can be 
adequately determined by the equations of motion of fluid dynamics, apparently 
bears no relation to the mean collision time, a vastly smaller, basic time-scale for 
the corresponding solution to the Boltzmann equation [11]. Within the transport- 
theoretic (tt) framework, this disparity causes no conceptual problems such as the 
hierarchy problem in elementary particle physics [12]. 

One can formally derive the equations of motion of fluid dynamics as such 
an asymptotic approximation to the Boltzmann equation that depends on its 
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initial and boundary conditions [11]. Which explains fluid dynamics as an asymp- 
totic theory in the kinetic theory of gases. Inspired by this explanation, and by 
Feynman's conjecture that the partial-differential equations of QFTs are actually 
describing large-scale phenomena due to microscopic motion of some hypotheti- 
cal X-ons, we formulated [13] certain new, relativistic, integro-differential, trans- 
port equations: equations which offer such physically motivated, tt extensions of 
partial-differential equations of a QFT to shorter distances that contain them as 
large-distance approximations. When thinking about alternatives to the conven- 
tional QFTs, such extensions were found missing by Bjorken and Drell [4] on the 
analogy with the classical, partial-differential equations that are an idealization 
valid for distances larger than the characteristic length measuring the granular- 
ity of the medium. So we proposed [14] that for modeling quantum dynamics 
of fundamental interactions by the path-integral method we use, instead of QFT 
Lagrangians, such tt Lagrangians that imply them as asymptotic approximations, 
and whose Euler-Lagrange equations are integro-differential, transport equations. 
Here, our aims are: (1) to present the basic concepts of relativistic, tt quantum 
field theories (ttQFTs) specified by such tt Lagrangians, (2) to formally show that 
ttQFTs extending QFTs of fundamental interactions are feasible, (3) to elaborate 
on physical implications of ttQFTs, and (4) to point out relevant physical ques- 
tions. 

The paper is organized as follows: In Section 2, we specify basic properties 
of tt fields, and of tt Lagrangians extending QFT Lagrangians. We introduce a 
length A to classify present QFTs as asymptotic approximations to certain ttQFTs 
as A — > 0. In Section 3, we give a covariant, tt Lagrangian that extends a general 
gauge-invariant Lagrangian. In Section 4, we give tt symmetry transformations 
generalizing those of QFTs. In Section 5, we point out what kind of physics 
might distinguish an extending ttQFT from the original QFT. We also consider 
the transition from a ttQFT to the corresponding QFT. Concluding remarks and 
summary are given in Sec. 6. Mathematical formalism of ttQFTs is considered in 
the Appendix, where we give simple tt Lagrangians extending the Klein-Gordon, 
Dirac, and QED Lagrangians. For convenience, we use the metric tensor rj'^'^ = 
diag( — 1, 1, 1, 1), bispinors and Dirac matrices in the chiral representation, and 
the natural units in which h = c = 1; [L] denotes dimensions of length and time, 
and [L]~^ those of energy, momentum, and mass. 

2. Basic assumptions of tt extensions 

In a ttQFT that extends a QFT, we will assume that one can study quantum 
processes modeled by this QFT using (1) tt fields of two independent, four- vector 
variables; (2) a tt Lagrangian defined in terms of tt fields and their spacetime 
derivatives; and (3) appropriate path integrals, specified by this tt Lagrangian. 

2.1. Transport-theoretic fields 
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We will specify a tt Lagrangian in terms of real and complex, relativistic 
tt fields, say, of the spacetime variable x = (t, r) G IR^'^ and of an 

additional, foiir-vcctor variable p = (p*^, p) G IR^'"^. The number and type of tt 
fields we will use depend on the physical system under consideration, 

the interactions we take account of, and the way we model them. Dimensions 
of the independent variable x are [L]; for convenience, the dimensions of the 
independent variable p and of tt fields are chosen to be [L]~^ and [L], 

respectively. In contrast to field theories in higher-dimensional spacetimes, in 
ttQFTs the additional independent variables p^, p^ and p^ (which we may 
regard as the components of four-momenta of Feynman's X-ons) do not make us 
modify our ideas about time and space. In ttQFTs, the spacetime is still the 
same as in QFTs, the four-dimensional space JR-*^'^, and no compactification is 
necessary. 

We will need Lorentz-scalar (scalar) tt fields '^^{x^p), left-handed-two-com- 
ponent-spinor (left-spinor) tt fields ^^1/2(3^,^), right- handed-two-component-spinor 
(right-spinor) tt fields \E'_i/2(x,p), and four-vector tt fields ^^1(0;,^). On the anal- 
ogy of the relativistic kinetic theory, we assume that under an inhomogeneous, 
proper, ortochronous, Lorentz transformation x h.x -|- a, a e IRi'3, a tt field 

^j{x,p) U{K,a)^j{x,p) = Dj{A-^)<ifj{Ax + a,Ap) , (2.1) 

where -Dj(A), j = 0, 1/2, —1/2, 1, are the conventional Lorentz-transformation 
matrices for scalars, left-spinors, right-spinors, and four-vectors, respectively. [Do = 
1; = Dzl/2; Di = A; for the four-vector tt field *i(a;,p) = p, U{A, a)^i = p.] 
Under Lorentz transformations (2.1) the independent variables x and p do not 
mix; X transforms as the spacetime four-vector, and p transforms as a momentum 
four-vector. So no extension of special relativity is needed in ttQFTs. 

To define free tt Lagrangians we will use the following local, bilinear mappings 
[^j I of tt fields *j(a;,p) and *j (a;,p) into scalar fields: 



[^o\%]{x) = jd^pni^,-p)%{x,p), 

[*±i/2 I *±V2] ix) = J d^p^i,^,{x, -p)a±{p)^'^,,,{x,p) , (2.2) 

[^'i I ^'i] (x) = J (i'^p*i(a;, -p)-'if[{x,p) . 

In the above: * denotes complex conjugation; denotes the adjoint (i.e., trans- 
posed and complex-conjugate) spinor; the 2x2 matrix functions 

a±(p) =i(p-p)-i/2(p.fr±//) (2.3) 

for p-p > 0, where / is the 2x2 identity matrix, and cr = (o"^, cx^, a^) is the vector 
of Pauli matrices; a-b = a^b^, a, b e IR^'^; for a function F{p) of p G IR^'^, the 
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functional ^ 

[ d'^p F{p) = -i lim I dp^ I F{p)d^p, (2.4) 

J R^ooJ_^j^ Jp.pKR? 

where F{p) is defined for imaginary values of p^ through analytic continuation. 
Henceforth, we assume that tt fields are such that all functionals (2.4) we 

will encounter exist and are invariant in the sense that J d^pF[A.p) — J d'^pF{p), 
see [13]. Jd'^p is an analog of the standard Euclidean definition of a fourfold 
integral through Wick's rotation and symmetric integration. 
Mappings [^j \ ^j] are scalar fields in the sense that [13] 

[U{A, a)^j I f/(A, a)^'j] (x) = [^j \ ^'j] {Ax + a) . (2.5) 

They do not explicitly depend on x, and are strictly local in the sense that they 
ignore the a;-dependence of tt fields: 

[*,■ I *;](a) = [^,{a,p) I *; (a,p)](a) . (2.6) 

2.2. Lagrangian of a ttQFT 

We denote hy p-d the covariant, substantial time derivative + p-V, 
by '^{x,p) the tt field (. . . , ^j{x,p), . . .) consisting of all tt fields '^j{x,p) of the 
considered ttQFT, and by £tt(\l/,p-9\l/) the tt Lagrangian defining this ttQFT. 
We write a tt Lagrangian as a sum of free and interaction parts, 

+ '-'int 1 

(2.7) 

which are real, scalar fields in the sense of (2.5); do not explicitly depend on the 
spacetime variable x; and have dimensions of energy density, [L]~^. Thus the tt 
action = J Cu d'^x is a real, dimensionless, relativistic invariant. 
The free part of a tt Lagrangian 

3 

where [^j \ p-d'^j] and [p-d^j \ '^j] , j = 0, 1, are equal and real if '^j is real. The 
Euler-Lagrange equations of Cfree ^ire the covariant, partial-differential equations 

j9-a*j(x,p) = 0, (2.9) 

by (A. 7). [For solutions to (2.9) see [14]. For an alternative to definition (2.8) see 
(A.27).] According to (2.9), all Euler-Lagrange equations of free tt Lagrangians 
are of the same simple form: the tt approach entails certain unification and sim- 
plification of free Lagrangians. On the analogy of the kinetic theory of gases, we 
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may consider equations of motion (2.9) for free tt fields as a classical description 
of free streaming of Feynman's X-ons: an analog of Newton's first law. 

We assume that the interaction part Cint of a tt Lagrangian acts strictly 
locally on tt fields i.e., satisfies a relation such as (2.6), and so does not 

depend on the spacetime derivatives d'^ of If regarded as a part of a classical 
tt description of Feynman's X-ons, the interaction part Cmti^) of a tt Lagrangian 
Ctt describes strictly local interactions of infinitesimal entities: an example of the 
Aristotle concept of contact forces. 

2.3. Extension of a QFT 

To be an extension of certain QFT, a ttQFT has to respect the correspon- 
dence principle; i.e., as pointed out by Weidner [15]: "...when a more general 
theory is applied to a situation in which a less general theory is known to ap- 
ply, the more general theory must yield the same predictions as the less general 
theory." So, when calculating the ttQFT transition amplitude for a quantum pro- 
cess that can be adequately described already by the QFT, we should be able to 
replace the ttQFT path integral, specified by the tt Lagrangian £tt(\l/, \1/) in 
terms of functions \E'(a;,p) of eight independent variables, with the corresponding 
QFT path integral, specified by the QFT Lagrangian £(. . . , ipk, dtpk, ■ ■ ■) in terms 
of functions if^kix) of only four independent variables. Let us show how such a 
replacement of ttQFT with the QFT can be explained. 

Inspired by the explanation of fiuid dynamics as an approximate theory in 
the kinetic theory of gases [8-11], we introduce the set of asymptotic tt fields 

*as(a:,p) = J2 Fkip)Mx) ■ (2.10) 

k 

They are sums of appropriate products of the QFT fields ipk{x) and of functions 
Fk{p) of p e IR-*^'^ that are the same for all ^g,s{x,p), though they may depend on 
Ctt but (to simplify) not on the initial and final states [Fk{p) will play here a role 
analogous to that of the Maxwellian distribution and corrections to it.]. We then 
hypothesize that the quantum process for which a ttQFT transition amplitude is 
adequately approximated by the QFT one is in general such that: 

(a) We can specify the initial and final states of this process by the QFT 
fields i^kix). 

(b) We can obtain an adequate approximation to the ttQFT path integral 
specified by the tt Lagrangian Ctt and the initial and final states by integrating 
over all such asymptotic tt fields 'i!g,s{x,p) whose fields i/^k are constrained by the 
initial and final states in the same way as in the corresponding QFT path integral 
specified by C. Thus the actual variables of the ttQFT path integral over such 
asymptotic tt fields are the same as in the corresponding QFT path integral: the 
fields i^kix). 

(c) These two path integrals are equivalent. 
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Whenever these three conditions are met, we will regard (i) the Lagrangian 
L of the original QFT as a path-integralwise approximation to the tt Lagrangian 
Ltt, and (ii) the tt Lagrangian Lu as a tt extension of the QFT Lagrangian L 
provided Lu with \E' restricted to \l/as equals £, i.e., 

£«(*as,p-5*as) = . . , Vfe, SV'fc, . . .) • (2.11) 

In the classical asymptote ^ — > 0, the formal oscillatory behaviour of the 
integrand of (1.1) suggests the main contribution to the Feynman path integral 
is due to the fields il^k{x) that satisfy the boundary conditions imposed by the 
initial and final states and make the action / stationary by satisfying the Euler- 
Lagrange equations (1.3). On the analogy of this formal asymptote in QFTs, in 
this paper we will formally simulate such quantum processes where the QFT is 
adequate by replacing the above condition (b) with the following assumptions: 
(1) The interaction part Cint of the tt Lagrangian Ctt depends on a characteristic 
length A, [A] = [L], and, in general, tends to infinity if A — 0. (This length A 
is an analog of the singular parameter introduced in 1924 by Hilbert to formally 
obtain fluid dynamics as an asymptotic approximation in the kinetic theory of 
gases [11].) (2) The asymptotic tt fields (2.10) are the most general tt fields that 
satisfy the Euler-Lagrange equations of Ctt in the leading order of A. (3) We 
are considering such transitions where A is relatively so small that we can obtain 
adequate approximations to the ttQFT path integrals by integrating over the 
asymptotic tt fields '^as{x,p) with fields ipkix) consistent with the initial and 
final states. We will refer to such asymptote A — as the QFT asymptote since 
we assumed that eventually as A 0: (i) the tt Lagrangian Cu actually depends 
only on the QFT fields i^ki^), and (ii) tt transition amplitudes can be expressed 
in terms of the path integrals specified by the QFT Lagrangian C (which may 
depend on A). In Sec. 5.2, we will mention how quantum processes one models 
by a QFT may come about. 

Henceforth, we assume that functions Fk{p) are such that the incorporation 
(2.10) of QFT fields ipkix) into the asymptotic tt fields ^'as(a;,p), the p-dependence 
of asymptotic tt fields ^'as(a;,p), and the definition (2.11) of a tt extension of a 
QFT Lagrangian C are relativistically invariant in the sense that 

U{A,a)^Ux,p) = J2Fk{p)U{A,a)Mx), (2.12) 

k 

jCtt{U{A, a)^^„p-dU{A, a)*as) = C{..., U{A, a)iPk. dU{A, a)iPk. ■ ■ •) -(2.13) 

By (2.12), the asymptotic tt fields (2.10) with the Lorentz-transformed QFT fields 
equal the Lorentz-transformed asymptotic tt fields. 

2.4- Macroscopic variables 

Take a ttQFT that extends certain QFT. Motivated by the macroscopic vari- 
ables in the kinetic theory of gases, we assume that for each kind of QFT fields 
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ipkix) there is a special covariant average of any ttQFT field ^{x,p) over the 
independent variable p, namely, the tt macroscopic variable 

Mx-,'^] = jd^p:Fu{p)^{x,p) (2.14) 

of \l/(x,p), where J-k{p) is such a function of p G IR^'"^ that 'i/'fc[a^; and ipk{x) are 
the same kind of relativistic fields, have the same dimensions, satisfy relations 

^k[x■,^^^]='^k{x) (2.15) 

and 

U{A, a)^] = U{A, a)i;k[x; ^] , (2.16) 

and have the same physical significance in the following sense: If a tt field \E'(a;,p) 
is consistent with certain initial and final states, we can take its macroscopic 
variables ipk[x, as a QFT path between these two states. Hence, the initial and 
final states constrain the macroscopic variables T/'fcfa;;^'] of ttQFT fields ^(.x.p) 
in the same way as the QFT fields iljk{x). So we may generalize (2.15) and regard 
QFT fields as the macroscopic variables of the ttQFT extension and vice versa; 
this connection between ttQFT and QFT fields is relativistically invariant, by 
(2.16). By (2.15) and (2.10), an asymptotic tt field is completely described by its 
macroscopic variables: 

*as(a:,p) = ^Ffe(p)V'fe[x; *as] • (2.17) 

k 

Using macroscopic variables and the characteristic functions Fk{p) 

appearing in (2.10), we define the macroscopic projection operator 

v,,^ = ^Fk{p)Mx;^]; (2-18) 

k 

^as* = ^as*, :Pas*as = *as, and M^;V^^ = Mx', by (2.10) and (2.15). If 
is a tt path, then T'as* is an asymptotic tt field (2.10) with fields tpk compatible 
with initial and final states. Thus any ttQFT path ^{x,p) consistent with certain 
initial and final states can be written as a sum 

^{X,p) = ^e.s{x,p) + (1 - Ve.s)^{x,p) , (2.19) 

where ^'as is defined by (2.10) with (. . . , ipkix), ■ ■ •) being a path between these two 
states in the original QFT. Which shows that extending a QFT by a ttQFT, we 
actually add tt fields (1 — Pas)^ to asymptotic tt fields, so to speak; so an infinite 
number of ttQFT paths corresponds to one QFT path. In the QFT asymptote. 
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the part (1 - T'as)* of any ttQFT path * is "neglected". We have yet to find out 
how the parts (1 — V^s)^ of ttQFT paths \I/ are constrained by the initial and 
final states, and by the ttQFT Lagrangian Cu- If the initial and final values of 
(1 — Pas)^ are uniquely determined, the extending ttQFT implies no new particles 
in addition to those considered in the original QFT. And if they are equal to zero, 
the asymptotic tt fields \I/as are ttQFT paths. 

In Section 3 and in the Appendix, we are going to consider tt extensions 
of QFT Lagrangians. In this paper, we will not consider: (1) how to define the 
macroscopic variables and tt path integral appropriate to a given tt Lagrangian 
and certain initial and final states; (2) the quantization and derivation of Feyn- 
man's rules in ttQFTs; (3) which specific gauge and ghost terms, and regulariza- 
tion and renormalization procedures, a ttQFT implies in the QFT it extends; and 
(4) how a tt extension modifies the divergent integrals of a QFT. 

3. Transport-theoretic extensions of a QFT Lagrangian 

In this Section, we are going to look into the physical, conceptual problems in 
constructing a tt extension of a QFT Lagrangian. To this end, we will make the 
following basic assumptions considered in Sec. 2: (1) A tt Lagrangian is defined 
in terms of tt fields. It is a sum (2.7) of free and interaction parts, which are 
real, scalar fields and do not depend explicitly on x. (2) The free part of a tt 
Lagrangian is given by (2.8). (3) The interaction part of a tt Lagrangian is local 
and without derivative couplings. It depends on a characteristic length A and, in 
general, tends to infinity if A — > 0. (4) When calculating the ttQFT probabilities 
amplitudes for quantum processes that are adequately modeled already by the 
QFT to be extended, we may take as tt paths the asymptotic tt fields (2.10) that 
satisfy the tt Euler-Lagrange equations in the leading order in A and whose fields 
ipk{x) are compatible with the initial and final states. (6) So computed ttQFT 
probability amplitudes equal the corresponding QFT ones. 

Step by step to ever higher energies, it took some fifty years of intense theo- 
retical and experimental effort to establish first the QED and then the standard 
model. To show that a bottom-up tt approach to fundamental interactions that 
takes account of these results is feasible, we are going to construct a ttQFT for- 
mally encompassing the standard model. To this end, we start with the general 
gauge-invariant Lagrangian [16] 

jCiI = -\{d^Aa. - d^Aa^ - CabcAb^A.r^lid^'Al - d^'A^ - CadeA'^^Al) 

- [l^'d^tPm + {i^Aa^T^^ + Ulmn + (p^Tlr^n)^n] (3.1) 

- ^{d^<P,+lA^^R'l^<P,){d^<i),+iAt^R^M + y^<|>^<f>^ - lfi\-'{(^^C^^f . 

In the above: (1) Aa{x) are real, four- vector, gauge fields; i/^m{x) are complex, 
chiral-bispinor fields; and (/)i{x) are real, scalar fields. (2) 'i/'m(^) = '^mi^)f^j with 
1(^1^ being the bispinor adjoint to iprn and (3 — ij*^; and 7^ are the four 4x4 Dirac 
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matrices. (3) and i?^^ are components of Hermitian matrices representing the 
Lie algebra of the gauge group of Cn {iRfi^ are real). T^^, i?"^, and the structure 
constants Cabc are proportional to one or more gauge coupling constants. (4) 
are components of Yukawa coupling matrices; rrimn are components of a bare-mass 
matrix; and /j,^ and ^ are real constants. (5) Here and in what follows, the 
repeated, Lorentz or gauge indices are summed over. 

Lagrangian Cn itself does not have a tt extension as it contains the first-order 
derivatives also quadratically and in its interaction part, cf. (2.8). We therefore 
take an equivalent first-order Lagrangian, the real scalar field 

+ \£ij<p^^ + 2iAa^R1^(l>k + ^ikVk^:\ (3.2) 

where: (1) A^, if^m and 0n are the fields of £//; Fa{x) arc real, antisymmetric- 
tensor fields; ipi{x) are real, four- vector fields; and b{x) is a real, scalar field. 
(2) Real, dimensionless parameters Lah and lij are elements of two invertible 
matrices, and£ 7^ is a real, dimensionless parameter. (3) ad = a{d^b) — {d^a)b. 
Within the framework of QFTs, Lagrangian Cj is equivalent to £// since their 
Euler-Lagrange equations are equivalent [17]. Physical significance of parameters 
Lab, ^iji and i remains to be found out. If Lab — ^ab-, ^ij — ^ij, and £ — 1, 
the Lagrangian Ci is actually, up to a divergence term, a general gauge-invariant 
Lagrangian in the first-order formalism [18]. Hence Cj is also gauge-invariant (up 
to a divergence term) since Lab and £ij are elements of invertible matrices. 

Unlike the conventional Lagrangian £77 of non-Abelian gauge theories, the 
equivalent first-order Lagrangian Cj has already two basic properties of tt La- 
grangians: Owing to the additional fields Fa{x) and (pi{x), the first-order deriva- 
tives appear only linearly, and there are no derivative couplings, i.e., no interaction 
terms involving derivatives. Lagrangian Cj also has no quartic interaction terms; 
to this end we introduced the scalar field b{x), which is therefore not needed if 

= in Cn- 

3.1. A tt extension of a non-Abelian-gauge theory 

To construct a ttQFT Lagrangian that formally extends the QFT Lagrangian 
£/, we take the tt field = {^0, '^1/2, ^1) with real and but complex ^1/2- 
And we incorporate the fields (f)i{x), (fii{x), b{x), 7/^^(0;), Aa{x), and Fa{x) of £/ 
in the asymptotic tt field ^^as = (*Oas) *i/2as) *ias) as follows: 

*oas(a;,p) = fot{p-p)^i{x) + 2fu{p-p)ipi{x)-p + f2{p-p)b{x) , 
^i/28.six,p) = {a-{p), I) fy2m{p-p)i^m{x) , (3.3) 

*las(^,p) = (1 - Vi)f3a{p-p)Aa{x) + 2Ua{p-p)Fa{x)p . 
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Here: (cr_(7?), /) is a 4 x 2 matrix; (Ta)^ = T^^^a^, for a second-rank tensor T and 
a four- vector a; the longitudinal projection Via = {p-p)~^{p-a)p for a four- vector 
a; and foi{p-p), fii{p-p): /2(p-p), /i/2m(p-p), fsaip-p): and f4a{p-p) are such real 
functions of p-p > that the real matrices Cqq, C*!!, C'1/21/2) ^33) ^44; ^oi; 
CI4 with components 

C:,,, = y" ip-pr-'fusip-p)fvtip-p) (3.4) 

i^uvst — ^vuts) exist and are invertible, 

y" d^P f2{p-p)foi{p-p) = 0, y" d^pp-pf:i{p-p)fii{p-p) = , (3.5) 

1^3/2 _^ ^ , — _ir'2 — —r'^ r*? fi'i 

4 '-^1/2 1/2 mn ~ "mn ) -^06 — 2 34 06 ' •'-y ~ ^Qlij • 

If and £jj are given, relations (3.6) are constraints on /s^, /40, /oj, and /i^; 
otherwise, relations (3.6) determine Lab and lij. 

To construct a tt extension of £/ we will use: scalar fields 

Ux-. = Coo\, y A/oi(p-p)^'o(:i^,p) , h[x- ^ ^ {Cl^)-^ J d''pf2{p-p)^oix,p) ; 

(3.7) 

chiral-bispinor fields 

iPmix; *] = C-\/,^„ y d^'pfyUP-p) ( """^^^^^ ) *V2(^,P) ; (3.8) 
four-vector fields 

^i[x; *] = 2Cf4. y d^pfijip-p)^o{x,p)p, 

Aa[x; ^ IC3-3U y d'pMp-p){l - Vi)^^{x,p) ; 

and antisymmetric-rank-two-four-tensor fields 

= C-^ah jdSfAh{p-p)['^i{x,p)®p-p®'^i{x,p)] . (3.10) 

Here: C~J^ denotes the matrix inverse to (i.e., Cuvst'^uvt't ~ ^st)', central, 
big brackets in (3.8) are 4x2 matrices; and [a®h)°'^ = a°'h^ is the direct product 
of four-vectors a and h. Fields (3.7)-(3.10) have properties (2.15) and (2.16) 
required of macroscopic variables; so, 

i)ni[x; *as] = '^m{x) , ^i[x; ^'as] = , (3.11) 

*as] = Aa{x) , Fa[x; ^'as] = Fa{x) . 
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(3.9) 



We will refer to the scalar and four- vector tt fields \l/o(a:,p) and ^i{x,p) as the 
bosonic tt fields, and to the left-spinor tt field '^i/2{x,p) as the fermionic tt field, 
since they are related to boson and fermion fields of Cj through (3.7)-(3.11). 
Let us now consider the tt Lagrangian 

At = Cfree{^,p-d^) + ^al*) + + >Ca(*) , (3.12) 

where: (1) According to (2.8), the free tt Lagrangian 

Cfree{'^,p-d^) = [^o \ P' d ^ q] + ^[^ \ p-d ^ y,] 

mp-d^y, I ^y,] + [*i \p-d^i] . (3.13) 

For the asymptotic tt fields (3.3), Cfree equals the sum of all terms in jCj that 
contain spacetime derivatives, by (A.18)-(A.20) and (3.6). (2) We use 

+ leij(pjf,[x; *]£ifc(^^[a;; *] + liJ,^(f)i[x; ^](f)i[x; *] + iJ,\-^eH^[x; *] , 

= CacdLabFrix; mc^^[x■, ^dAx; *] (3-14) 

- ^Jx; ^{irAa^[x; *]T«„ + cf>i[x; ^TlJiP^[x; 

+ iiijip'^[x; '^]Aa^[x; ^jR^M^', *] - /J'^y-^iblx; '^](t>i[x; *](/>4a;; *] . 

Thus >C2(^'as) equals the sum of all quadratic terms in Cj that contain no space- 
time derivatives, whereas C^i^as) equals the sum of all cubic interaction terms, 
by (3.11). (3) Real, scalar field 

£a^A-2 5^[*,|(1-P,)*,] (3.15) 

j 

with parameter A > 0, [A] = [L], and projections 

7^0*0 = fQi{p-p)(l>i[x; *] + 2fu{p-p)<fi[x; *] -p + f2ip-p)b[x; *] , 
7^1/2*1/2 = {(T-{p), I)fi/2m{p-p)^m[x; *] , (3.16) 
7^1*1 = (1 - Vi)haip-p)Aa[x; *] + 2f4aip-p)Fa[x; ^]p 

[note that ViVi = ViVi = 0, Pj^jas = *jas, and £A(^'as) = 0]. The tt Lagrangian 
Ctt defined by (3.12)-(3.16) is a real, scalar field, by (2.8) and since we obtained 
its interaction part from the interaction part of Cj by replacing its fields with the 
corresponding fields (3.7)-(3.10) [which transform under Lorentz transformations 
of the tt field ^ the same way as the original fields of Cj, by (2.16)], and then 
adding the real, scalar field Cx. 

If A — > 0, either Cx{'^) = 0, or Cx{^) and the tt Lagrangian Cu tend to 
infinity. Taking into account (A. 7), 

[Pj^, I = [*, I Vj^'j] , V] = V, , i = 0, 1/2, 1, (3.17) 
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we can conclude that (1) the Euler-Lagrange equations of Cx{^) read 

{1-Vj)^j = 0, J = 0,1/2,1, (3.18) 

and (2) their most general solutions are the asymptotic tt fields (3.3). As for 
every asymptotic tt field (3.3) the tt Lagrangian Ctt equals the QFT Lagrangian 
Ci, i.e., 

Cu{^^,p-d^^)=Ci, (3.19) 

we may follow the arguments presented in Sec. 2.3 and consider £/ as a path- 
integral wise approximation to Ctt in the asymptote A ^ 0. So we may presume 
that the tt Lagrangian Ctt is a tt extension of the QFT Lagrangian Cj. 

The gauge-invariant Lagrangian Cu does not have mass terms needed to 
model fundamental interactions. It is customary to get rid of this deficiency 
by assuming that its gauge symmetry is spontaneously broken, and replace the 
scalar fields (/)i{x) with (f)i{x) + (j)gi , 4>gi4>gi = v"^. This way Cu acquires necessary, 
quadratic mass terms but no linear terms [6]. If we accordingly shift the scalar 
fields in £/, 

(l)i{x) ^ ^i{x) + , h{x) ^ h{x) + \v'^/^ , (3.20) 

then (1) in we do not generate linear terms excepting a divergence term, and 
(2) Ci becomes equivalent to Cu whose scalar fields (j)i{x) have been replaced 
with the shifted fields (i)i{x) + (j)gi. The a;-independent tt field 

^HG{p) = [hi{p-p)(l>9i + \vH-^h{p-p). 0, O) , (l>gicl)gi = v'' , (3.21) 

is a tt counterpart to the ground state (j)i{x) = (pgi and b{x) = \v'^ ji of Cj. 
Namely, the tt Lagrangian (3.12)-(3.16) with \E' — > \E' + '^hg has no linear terms 
(except for a divergence term), and for ^ = ^^as) it equals Cj whose scalar fields 
have been shifted as specified by (3.20). 

3.2. Cubic interactions as the origin of quadratic ones 

We now give an example of a tt Lagrangian, say, Cc that extends Cj as spec- 
ified in Sec. 2.3, and has only cubic interaction terms. Introducing real functions 
fip-p) and fg{p-p) with dimensions [L]^ and [L]^, and a positive dimensionless 
constant Ug = [pf \ pfg] , we define: 

Cc{^, p-d^)= Cfree + [pf \ V&i] £3 + + a^^ [pf | *i] £a , (3.22) 

where Cfree^ C2, Cs, and Cx are as defined in (3.13)-(3.16) with Vi replaced with 
Vi + Vi- As the variables of the path integral specified by Cc{^,p-d^) we take 
tt fields ^' of the form 

^^^t + ^g, (3.23) 
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where *t = (*o, *i/2, (1 - T^O^i) ^nd *g = (0, 0,pfg); we note that 

>Cc(*t + + ^g)) = , (3.24) 

where Cu is the tt Lagrangian (3.12)-(3.16). If A ^ and Cx{^) ^ 0, then Cc 
tends to infinity. The most general solutions to the Euler-Lagrange equations of Cx 
in (3.22) are ^'as + which are allowed by (3.23). As £c(*as + *g,P-f^(*as + 
^g)) — Ci, by (3.24), ViPi = 0, and (3.19), we may indeed consider the tt 
Lagrangian Cc a tt extension of the first-order Lagrangian £/. 

If we replace ^ in Cc{'^ iP-d'^) with \&t-|-\E'g, we generate no linear terms, by 
(3.24). So we may see g{p) as a ground state of a kind, though there are certain 
distinctions between '^g{p) and the tt ground state \1///g(p): (1) Ground state ^'^ 
is not determined by the condition that the Lagrangian Cc gets no linear terms if 
we replace with '^t + '^g- (2) The ground state g and the integration variable 
in path integrals specified by Cc{^t + ^g,p-d {^t + ^g)) do not interfere, by 
(3.24). Ground state is an additional, x-indcpcndcnt, permanent, Lorentz- 
invariant feature of the universe: a classical component of the relativistic vacuum 
extending throughout the universe. 

If we regard the tt Lagrangian Cc as the basic description of fundamental 
interactions and the ground state ^gip) as a historical accident, then Cc should 
not depend on constant determined by \E'g (for a given /). This is the case 
if: (1) We rescale the units of fields A'^ and (f)i by replacing them in (3.1) with 
ttg """^^^a ttg (2) We replace Lab and £ij in (3.2) with (iJ'^Lah and aj'^ iiy 

(3) We assume that Cahc-, T^^, R^j, ^Inm '^mm IJ'^, v"^, and A are proportional to 

a^^, a^^, a^^, a^^, ag, a^, ag, and ag respectively. In such a case, A ^ if 
— > oo, and we may explain the QFT asymptote A ^ as describing transitions 
where the interaction between the tt ground state and tt field suppresses 
projections {1 — Vj) of its components so much that they are negligible. Masses 
in Cji with spontaneously broken symmetry are then proportional to ag. So we 
may interprete the mass terms in Cu with spontaneously broken symmetry as 
due to interaction with the longitudinal, tt ground state ^g. 

3.3. Unresolved questions about tt extensions 

It is not clear which physical principles and properties, in addition to those 
mentioned at the beginning of this section and to unitarity of the 5'-matrix, fur- 
ther restrict realistic tt extensions of £/. The gauge invariance of Cu ensures 
renormalizability, also when it is spontaneously broken, and severely constrains 
the values of Cu parameters Cabc^ T^^, R^p F^^, and rrimn- We do not know 
whether there is a tt counterpart to the concept of QFT gauge invariance (e.g., 
a symmetry and/or high-energy unitarity constraints [16]) that similarly restricts 
acceptable tt extensions of £7. Any restriction would be of great help since there 
is an infinite variety of possible tt extensions of £7, cf. (A.22)-(A.31). When 
formulating a tt extension, we have, e.g., the following options: 
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(a) The domain of the independent variable p. It may be the whole IR-^'^ or 
only a Lorentz-invariant subspace of IR^'^. 

(b) The kind of functions of x and p that tt fields ^{x,p) are, cf. Sec. 5.1 and 

[13]. 

(c) The number and type of tt fields \E'j(a;,p) used. We can use, instead of 
the left-spinor tt field ^^1/2 (a;, p), a right-spinor or a bispinor tt field: '^-^/^ix^p) or 
(ji/-i/2{x,p),^i/2{x,p)y We can also use one scalar, one two-component-spinor, 
and one, possibly transversal, four- vector tt field for each Higgs-scalar field (pi, 
Dirac-spinor field V'm, and four- vector gauge field Aa, respectively. On the other 
hand, we can construct a tt extension of £/ analogous to (3.12)-(3.16) without 
using the scalar tt field ^^O; by incorporating the fields (f)i{x), (pi{x), and b{x) of Cj 
into the longitudinal component of the asymptotic, four- vector tt field ^'las instead 
of into the scalar \l/oas [e.g., by adding \E'oasP to \E'ias in (3.3)]. Alternatively, the 
tt Lagrangian Ctt{'^t^P^^'^t) in (3.24) is a tt extension of Cj that needs fewer tt 
fields than Cui"^ ,p-d'^), namely *o, ^1/2, and (1 - P;)*! instead of *o, ^1/2, 
(1 —Vi)^i, and Vi'^i. If only one four- vector tt field and one two-component- 
spinor tt field suffice for modeling fundamental interactions, then no approximate 
ttQFT can do with fewer tt fields, in contrast to QFTs where, e.g., QED uses 
fewer fields than the standard model. 

(d) The functions fus{P'P) that shape the p-dependence of the asymptotic tt 
fields (3.3). Here they are restricted only by the weak requirements (3.4)-(3.6), 
but may not be constant, and may also depend on A. They are not necessarily 
distinct, though those having the same first subscript are linearly independent, 
by (3.4); e.g., we could choose fza{y) proportional to ^JyfAa{y) and/or fQi{y) 
proportional to ^/yfli{y)■ We have yet to find out how to choose them so that 
the fields (3.7)-(3.10) are macroscopic variables. Were the asymptotic tt fields 
^jets{x,p) the initial parts of certain expansions of tt fields "^j{x,p) in terms 
of orthogonal functions of variable p, there would be additional requirements 
on fusiP'P)- Which might also imply restrictions on the number and internal 
symmetries of QFT fields incorporated in \E'jas(^:P): cf. (5.1), (5.3), and [19]. 

(e) The dependence on A and ^{x,p). We can add to the tt Lagrangians 
Ctt and jCc any term that vanishes if A —> or is finite as A — > and zero for 
*(x,p) = *as(a:,p). 

(f) A property of £7 is either explicitly displayed by its tt extension, or it 
emerges only in the QFT asymptote. E.g., it is not clear whether a tt Lagrangian 
that extends Cj should have a tt counterpart to the gauge invariance and/or to 
the ground state of £/, cf. (3.21). 

If there is a basic ttQFT of fundamental interactions, better than any QFT, 
it is of interest to know the answers to questions raised in the above alternatives, 
and to the following ones: 

(a) How many free parameters has the basic tt Lagrangian in comparison 
with the standard model, and how are they related? 
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(b) Is the basic tt Lagrangian bilinear in fermionic tt fields? cf. [20] . 

(c) Does the interaction part of the basic tt Lagrangian contain: (1) only cu- 
bic terms, due to the emission (creation) or absorption (annihilation) of bosonic 
tt fields by fermionic or bosonic tt fields; (2) only quartic terms, due to the self- 
scattering of bosonic tt fields or to the scattering of fermionic tt fields on bosonic 
ones, but no quartic terms describing self-scattering of fermionic tt fields; (3) only 
cubic and quartic terms? Comparing tt Euler-Lagrange equations with the Boltz- 
mann equation [8-10], we would expect that the interaction part of the basic 
tt Lagrangian contains only cubic terms. However, noting that the Boltzmann 
equation models collisions of two particles, we would expect only quartic terms. 

(d) Does a solution to the basic tt Euler-Lagrange equations evolve toward 
an independent, Lorentz-invariant tt field, say, ^eqip', ^) as the time t — > oo? If 

so: Is Pas*eg(p; *) ^ aud/or (1-Pas)*eg(p; ^') ^ 0? Is C{^eq{p; ^) , P'd ^ eq{p; *)) = 

0? Is \l/e(j(p; ^) related to a ground state that endows particles with mass? 

(e) How docs it come about that we can adequately describe present exper- 
iments by QFTs? What physical processes make it possible to replace the basic 
ttQFT with some QFT? Can they be formally simulated by limiting to zero some 
parameters of the basic ttQFT? Under what conditions are x-independent terms 
absent from (2.10) and functions Fk{p) independent of the initial and final states? 

(f) What are the implications for the QFT Lagrangian that approximates 
the basic tt Lagrangian in the QFT asymptote? E.g., what fields are present in 
the asymptotic tt fields \E'as(2;,p)? cf. (A. 8), and how are possible tt and QFT 
stationary points related? cf. (3.21). 

(g) How are the quadratic terms with no spacetime derivatives generated 
in Lagrangians of realistic QFTs? e.g., in Cj with possibly shifted scalar fields 
(3.20). In the kinetic theory of gases, the linear terms of a tt Lagrangian would be 
determined by the independent sources, whereas the bilinear ones would describe 
free streaming or interactions with an underlying host medium not described 
by tt fields. So it seems an appealing physical proposition to assume, without 
any reference to possible symmetries of the basic tt Lagrangian, that it has no 
linear terms, and no quadratic terms in addition to those, (2.8), that describe 
free streaming. If so, there is a question about physical processes that result in 
a realistic QFT Lagrangian with no linear terms and having also quadratic terms 
with no derivatives. We see the following three possibilities: First, quadratic 
terms with no derivatives in this QFT Lagrangian could be generated within the 
QFT framework from a QFT Lagrangian that has no such terms and is implied 
in the QFT asymptote by the basic tt Lagrangian with no linear and quadratic- 
interaction terms. Second, various non-exclusive tt processes could provide the 
basic tt Lagrangian with counterparts to the quadratic terms with no derivatives 
of the QFT Lagrangian in question: (1) An x-independent, Lorentz-invariant, 
tt ground state that (i) does not belong to the region of integration of ttQFT 
path integral, (ii) represents such a permanent classical relativistic vacuum as 
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does in (3.24), and (iii) whose origin is not known. (2) A tt analogue to the 
QFT process of dynamical symmetry breaking [6] that can be described in the 
low-energy approximation by an effective ttQFT, the tt Lagrangian of which has 
the required quadratic terms. (3) A tt phase transition analogous to the QFT 
process of spontaneous symmetry breaking: An x- independent, Lorentz- invariant 
stationary point of the basic tt Lagrangian is added here to the original tt fields, 
which generates an equivalent tt Lagrangian that has quadratic interaction terms 
but no linear ones, cf. (3.21). And third, were the functions Fk{p) in (2.10), which 
shape the p-dependence of the asymptotic tt fields 'ifa,s{x,p), actually certain 
averages of rapidly varying functions of x, then we would have to take account of 
correlations when evaluating the free tt Lagrangian (2.8) for asymptotic tt fields 
\E'as(ic,p). As a consequence, the resulting QFT Lagrangian would acquire from 
the free tt Lagrangian also quadratic terms with no derivatives. This case would 
be of special interest since mass terms would appear only in the QFT asymptote. 

4. Symmetry transformations 

4-1- Spacetime translations 

The tt Lagrangian (2.7) is assumed to be invariant under spacetime transla- 
tions X ^ X + a in the sense of (2.5). [Translations p ^ p + a have no physical 
significance in tt approach; even the free tt Lagrangian (2.8) is not invariant under 
them.] So Noether's theorem for translations implies that the energy-momentum 
tensor 

T^'^ix) = J2^[^3\p''d''^j] -jCu{^,p-d^)ri^'' , (4.1) 

3 

where 3? stands for real part of, satisfies the continuity equation 

a^T^^(a;) = (4.2) 

provided tt fields 'i>j{x,p) satisfy the tt Euler-Lagrange equations [1,21]. The 
energy-momentum tensor of the tt ground state ^g{p) is a relativistic invariant 
T^"'{x) = 0, by (3.24). 

4-2. Internal symmetries 

We will say that a tt Lagrangian £tt(\E',p-9 \E') is invariant under infinitesimal, 
internal-symmetry transformations 

'^j{x,p) '^j{x,p;e) = ^j{x,p) + ieJ2t3k'^k{x,p) (4.3) 

k 

if 

= 0, (4.4) 



—Cu{'^{x,p; e),p-d^{x,p\ e)) 
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where e is a parameter and tjk a mapping of the tt field into the tt field ^j. 
If so, the associated current 

j{x) = Y,^[^j\wtjk-^k] (4.5) 

jk 

satisfies the continuity equation 

d-j{x) = (4.6) 

provided '^j satisfy the tt Euler-Lagrange equations, by (2.7) and (2.8) [1,6,21]. 
Infinitesimal transformations (4.3) appear the same in all inertial frames if, and 
only if U{A,a)tjk = tjkU{A,a)] in such the current j{x) transforms 

four-vector field under the replacement of \E'(a;,p) with C7(A, a)\E'(a;,p). If tjk are 
such complex constants that f^j = tjk, then the current (4.5) is invariant under 
infinitesimal transformations (4.3), i.e., dj{x)/de = at e = 0. 
For a global phase change of the tt field '^j{x,p), 

'ifj{x,p) e''^*j(a;,j9) , ^ e IR, (4.7) 

the associated current j{x) = [^j \ ip'^j] is a real, four- vector field, by (A. 4) and 
(A. 6). [This current vanishes for real "^j{x,p), j = 0, 1, by (A.4)-(A.6): a real 
bosonic tt field effects no such current.] Both tt Lagrangians (3.12)-(3.16) and 
(3.22)-(3.23) exhibit invariance under global phase changes of the fermionic tt 
field ^i/2{x,p), which is analogous to the invariance of Lagrangians Cn and Ci 
under joint global phase changes of fermion fields ipm- 

Lagrangian Ci is invariant under the infinitesimal, global, gauge transforma- 
tions 

Aa ^ Aa + ebCabcAc , LabFb ^ LabFb + ^bCabcLcdFd , 

V'm ^ - ^CaT^n^n , ^ , (4.8) 

4>3 - i^aR%(l)k , iijfj ^ijfj - i^aR%£klfl , 

where are real parameters [6]. As the tt extension (3.12)-(3.16) of Cj does 
not exhibit an analogous symmetry, let us point out such a tt extension of Cj 
that is invariant under infinitesimal, global-internal-symmetry transformations 
analogous to (4.8). To this end, we take the following tt fields: real, scalar tt 
fields ^o{x,p) and ^oj{x,p); complex, left-spinor tt fields ^i/2mixjP)', real, four- 
vector tt fields ^ia{x,p); and associated asymptotic tt fields 

^Oas = fo{.P-p)h{x) , ^'ojas = foip-p)(pj{x) + 2fi{p-p)p-ipj{x) , 

*i/2mas = fi/2{p-p){o--{p)j)lpm{x) , (4.9) 
*laas = f2{p-p)Aa{x) + 2f^{p-p)Fa{x)p. 
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We then construct a tt extension of Cj on the analogy of the tt extension (3.12)- 
(3.16). Such tt extension of Ci is invariant under infinitesimal, global-internal- 
symmetry transformations 

*i/2m *i/2m - c run i/2n j 

(4.10) 

^ - ieaRjk^ok , *o ^ *o ; 

and the associated conserved currents (4.5) are ja{x) = —^[^i/2m \ ^P^^mn^van] • 
Hence, there are tt extensions of £/ that exhibit an analog to the global-non- 
Abelian-gauge invariance, though they need more tt fields than tt Lagrangians 
(3.12)-(3.16) and (3.22)-(3.23), which exhibit less symmetry [see (A.28)-(A.34) 
about the local gauge invariance]. So in ttQFTs, more symmetry requires more tt 
fields '^j, since the free tt Lagrangian (2.8) is not invariant under operations on 
macroscopic variables of its tt fields a simpler tt model exhibits less symmetry! 
This makes one wonder whether ttQFTs of fundamental interactions exhibit global 
or local, non-Abelian-gauge symmetries only in the QFT approximation [22]; 
especially as one has to add terms to Lagrangians of QFTs to remove the gauge 
invariance, thereby allowing construction of propagators. 

4-3. C, V , T , and chiral transformations 

For scalar, four-vector, left-spinor, and right-spinor tt fields we define the 
charge conjugation transformation C as follows: 

C*o = *o(^,P), C*i = -*t(a;,p), 

o (4.11) 

Note that U{A,a)C = CU{A,a), = 1, and [C^'^- | C^'^] = (-1)^^ [^j \-^'^]* . 
Hence, [*, | = ^[(l + C)*, | (1 +0*,] + (-1)2^' i [(1 -C)*,- | (1 -C)*,] , i.e., 
(1 +C)^j and (1 —C)^j do not interfere. In particular, real and imaginary parts 
of \&o and of do not interfere. 

For tt fields we define the space inversion transformation V as follows: 

= 'i>Q{Vix,Vip) , = {Vi-^i){Vix,Vip) , 

V^±,/2 = a^{p)^±y2{Vix,Vip), 

where Vix = (a;°, — x) is the space inversion of a four- vector x. Note that = l, 
[P^j\V^'j\ = V[^j\%], and C/(A(g,/3),a)P = 7't/(A(g, -/3), Pia) with g 
and f3 being the rotation and boost parameters of a proper ortochronous Lorentz 
transformation A. 

For a four- vector its time- inversion Ti(a;°,x) = (— a;°,x). For tt fields we 
define the time-reversal transformation T as follows: 

r*o = n{r^x,T,p) , rvi/i ^ -{r^^^i){T^x,T^p) , 

T^'±,/2 = -ia^^l,,,{Tix, Tip) . 
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Note that C/ (A(g, /3), a)r = TU{A{g,-f3),Tia), T'^^j = {-if^^j, and 

We may regard the above tt symmetry transformations C, V, and T as ex- 
tensions of the QFT symmetry transformations C, V, and T with certain phase 
factors, because under C, V, and T transformations of tt fields: (1) the asymp- 
totic fields (3.3) satisfy relations analogous to (2.12), and (2) the fields (3.7)- 

(3.10) transform as the corresponding QFT fields; e.g., '(/'^[x; = 7^'i/'^[x; 
il}m[x;V% = -7>^[Pix;^'], and ^l)m[x;T^ = -f^-f^ij:^[Tix;^l by (3.8) and 

(4.11) -(4.13). [This is so only when the functions fus{P'P) in (3.3) are real- 
valued.] If a scalar or a four-vector tt field, ^o{x,p) or \l/i(a;,p), does not depend 
on the additional variable p, then the tt symmetry transformations V, T, and C 
have the same effect as the original QFT ones. 

Any product of tt transformations C, V, and T is equivalent to the strong- 
refiection tt transformation; i.e., for j — 0, ±1/2, 1, we have 

= CTV^j = r^^^ji-x, -p) . (4.14) 

Under the combined C, V, T, and x —x transformations of tt fields taken 
in any order, the terms of the tt Lagrangian (3.12)-(3.16) that depend bilinearly 
on the fermionic tt field '^y2{,x,p) change sign, whereas the terms depending only 
on the bosonic tt fields '^q{x,p) and Wi(x,p) remain the same — ^just as in the case 
of Ci or Cii- On the analogy of the CPT theorem of QFTs, we expect that also 
the theoretical results of realistic ttQFTs are invariant under combined C, V, and 
T transformations, i.e., we expect that fundamental interactions exhibit the CPT 
invariance also in ttQFTs. 

We define the chiral transformation of spinor tt fields as 

1/2 -P) , (4.15) 

It induces the QFT chiral transformation ijjm[x;^ ±1/2] T^V'mfa^; ^±1/2] in the 
asymptotic tt fields (3.3) and (A. 8), and in the chiral-bispinor fields (3.8) and 
(A. 13). Free tt Lagrangian (2.8) is invariant under tt chiral transformation (4.15). 

5. Comments on physics of ttQFTs 

In the tt approach to quantinn dynamics, the first-order form Cj of a general 
gauge-invariant Lagrangian represents physical processes in the QFT asymptote, 
though it is equivalent to the second-order form £77. So due to the form (2.8) 
of the free tt Lagrangian, the tt approach suggests that the first-order formal- 
ism of QFTs is a more direct description of fundamental interactions than the 
conventional, second-order one. Which (1) may explain claims that the first- 
order formalism simplifies calculations in QFTs [23], (2) concurs with Schwinger's 
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statement that it is "natural" [23], and (3) gives support to Greiner's conjecture 
that "the Good Lord wrote the field equations in linearized form" [24], since the 
Euler-Lagrange equations of a first-order-form QFT Lagrangian are themselves 
first-order partial-differential equations. 

According to ttQFTs, all spacetime derivatives in Lagrangians of QFTs, in- 
cluding those that appear in derivative couplings, come from the free part (2.8) of 
tt Lagrangians. Thus the tt approach offers a simple, unified physical explanation 
of the origin of all spacetime derivatives in QFT Lagrangians: the free streaming 
of Feynman's X-ons in between strictly local collisions, which is described by the 
substantial time derivative p-d . 

In QFTs one can derive the appropriate path-integral formalism from the 
canonical formalism, and vice versa [1]. But within the tt framework this may 
not be so outside the QFT asymptote. If nature is nonlocal or granular in the 
small, Bjorken and Drell [4] expect that the canonical formalism applies only in 
the sense of a correspondence principle for large distances. 

As in the QFT asymptote A is presumed to be, in effect, infinitesimal, we 
expect the physics beyond QFTs to be characterized also by a very large energy 
scale A~-^. As the Planck length is absent from present QFTs, vastly smaller than 
any characteristic length of processes described by them, and gives the distance 
and energy at which present QFTs are expected to break down, it is possible that 
A = y/%G/c^. If so, the Planck length is a fundamental unit of length in ttQFTs. 
However, it is not clear how to take account of gravitational forces within the tt 
framework. E.g., we do not know: (1) Is gravity inherent to tt approach? since 
there are such local averages of bosonic tt fields j = 0, 1, that transform 

under Lorentz transformations of j{x,p) as symmetric-tensor fields [e.g., (A. 15)]. 
(2) Should the asymptotic tt fields contain the gravitational, symmetric-tensor 
field? i.e., can gravity be modeled by a QFT or does it qualitatively modify 
QFTs? cf. [25], (A.8), (A. 18), and (A.20). 

Gertain theoretic considerations imply the existence of causal, superluminal 
influences that cannot be directly observed, though they are an essential compo- 
nent of quantum phenomena. Without them it is hard to explain, e.g., experimen- 
tal violations of Bell's inequalities [26] and recent experiments in quantum optics 
[27] , which imply that distant events can causally influence each other faster than 
any light signal could have travelled between them. Present QFTs give adequate, 
probabilistic descriptions of these experiments; yet they give no clue about the 
physical processes that could effect such causal, superhnninal influences. But 
ttQFTs may give some, since their Euler-Lagrange equations may be regarded as 
describing the classical transport of Feynman's X-ons whose "speeds" c|p/p°| are 
not bounded. In the QFT asymptote, the additional variable p G IR^'"^ is averaged 
out, but we expect the physics beyond QFTs to be characterized also by these 
inflnite "speeds" . We were able to give examples of tt Euler-Lagrange equations 
that exhibit causal, superluminal influences, even though they do not propagate 
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changes in their macroscopic variables away from their sources faster than hght 
[26]. 

Physical significance of Feynman's X-ons is open to discussion. The concept 
of pointlike entities whose four- momenta p comprise the whole IR^'"^ opens a whole 
new vista in quantum metaphysics [21] that we did not consider. Pursuing Feyn- 
man's atomistic idea, we pretended that the partial-differential equations of QFTs 
model the macroscopic motion of hypothetical X-ons. On the analogy of the ki- 
netic theory of gases, we then surmised that the evolution of such macroscopic 
motion can be better described by integro-differential, transport equations that 
asymptotically imply partial-differential equations of QFTs [13]. Hence, as an ex- 
ploratory step we proposed that QFT Lagrangians be replaced by appropriate tt 
Lagrangians, and Feynman's path integrals defined accordingly [14]. Which is the 
whole significance of X-ons in this paper; here, we may interprete the independent 
variable p just as an additional, continuous index of "fields" In this con- 

nection, the following Polyakov's remarks [28] are worth noticing: "Elementary 
particles existing in nature resemble very much excitations of some complicated 
medium (ether) . We do not know the detailed structure of the ether but we have 
learned a lot about effective Lagrangians for its low energy excitations. It is as 
if we knew nothing about the molecular structure of some liquid but did know 
the Navier-Stokes equation and could thus predict many exciting things. Clearly, 
there are lots of different possibilities at the molecular level leading to the same 
low energy picture." 

5.1. QFTs with an infinite number of fields 

On the analogy with the polynomial expansions and the method of moments 
in particle transport theory [8-10], we expect that any tt field can be 

completely described by an infinite number of relativistic fields that are certain 
averages over the variable p G IR^'^, cf. (2.17). Hence, in tt approach, we expect 
the Lagrangians of QFTs modeling more accurate or higher-energy experiments 
to be customized and contain not only more, specific terms, but also appropri- 
ate additional fields. Which is in line with our experiences with the standard 
model. For instance, considering measured values of the muon anomalous mag- 
netic moment, Kinoshita and Marciano [29] pointed out that pure QED suffices to 
explain only the first four significant digits, using to this end 16 field-components 
altogether; whereas to obtain a complete explanation of the first five significant 
digits, one needs QED and QCD with additional 104 field-components. More- 
over, Brodsky [30] pointed out that at higher energies beyond standard QCD, it 
is plausible that new fields with higher color representation will be needed, and it 
is conceivable that the present quark and gauge fields are themselves composite at 
short distances. Well, as we pointed out above, infinitely many fields are actually 
needed for a complete modeling of fundamental interactions in tt approach; but 
their physical significance is not clear. So we do not know: how they manifest 
themselves, what kind of matter or forces they represent, how many of them rep- 
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resent physical particles, how many fields of the standard model are among them, 
whether the asymptotic tt fields contain only a finite number of them, whether 
they are useful only in certain combinations, and what kind of constraints they 
are subject to, cf. photons, gauge fields, Faddeev-Popov ghost fields, and quarks. 
Let us consider a ttQFT whose tt fields are sums 

^s{x,p) = J2FiiP)Mx) (5-1) 
I 

of appropriate products of certain given functions Fi{p) of p E JR^'^ and of rela- 
tivistic fields 4'i{x) that specify the x-dependence of a particular tt field \E's(x,p). 
If we require that the substantial derivative p-d oi such a sum is also a sum of the 
same kind, these sums cannot be finite as the presence of certain Fi (p) implies the 
presence of Fi{p)p^, Fi{p)p^p'^ , . . .; which suggests how to construct the smallest 
set of tt fields ^s{x,p) that contains given asymptotic tt fields. On the analogy 
with the asymptotic tt fields \E'as(a^, p) and their macroscopic variables, we assume: 

(1) There are such mappings ipilx; of tt fields \E's(a;,p) into relativistic fields 
that 

il:i[x;^s\=il^l{x). (5.2) 

(2) For every inhomogeneous Lorentz transformation we have 

U{K,a)^s{x,p) = Y,Fi{p)U{Ka)Mx) , (5-3) 
I 

so that ^l)i[x] U{A, a)*s] = U{A, a)il;i[x; So the tt Lagrangian Ctt{'^s,p-d'^ s) 
of this ttQFT depends solely on an infinite number of relativistic fields il^i{x) 
and their first-order derivatives dipi, say, Ctti'^siP-d^s) = ^oo{- ■ -ifpli dipu ■ ■ •); 
and transforms as a scalar field under Lorentz transformations ipi U{A, a)ijji. 
Thus the ttQFT in question is actually a QFT with an infinite number of fields 
i/jiix). The main characteristic of such a QFT is that its Lagrangian Coo contains 
derivatives di(}i of its fields i/ji{x) only linearly and solely in its standard free part 
(2.8), which couples them bilinearly with various fields ipi, cf. (A.18)-(A.20). On 
the analogy of (2.11), we may regard the Lagrangian as a tt extension of a 
certain QFT Lagrangian C if Coo equals C when we put all but a finite number 
of il^i equal to zero. If the fields 'ipi{x) of Coo that are common to Coo and C are 
also the macroscopic variables of tt field ^s{x,p), they are always constrained by 
the initial and final states just like the same fields of C. How the values of the 
remaining fields ipi{x) are constrained at the initial and final instants is an open 
question. It is possible that at least some of them do not depend on the initial 
and final states, e.g., they might be free or equal to zero. 

5.2. Transition from a ttQFT to the QFT it extends 

In the kinetic theory of gases, physical processes described by the Boltz- 
mann transport equations exhibit asymmetry with respect to the direction of time 
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[8, 11]. A perturbation of a classical gas in equilibrium presumably disappears in 
three stages with widely disparate time scales: (1) A microscopic phase, during 
which the p-dependence of tt field rapidly simplifies as tt field tends toward an 
asymptotic tt field with characteristic p-dependence, and a smooth, slowly vary- 
ing a;-dependence. The dynamics of microscopic phase is as yet beyond direct 
laboratory measurements. (2) A subsequent macroscopic phase, which is charac- 
terized by smooth and slowly varying macroscopic variables. These fields, whose 
evolution can now be adequately modeled by the partial-differential equations of 
fluid dynamics, determine the x-dependence of the asymptotic tt held. (3) As 
time i — > oo, tt field very slowly approaches an a;-independent, Lorentz-invariant, 
equilibrium tt field. The preceding applies also to a perturbation of a macro- 
scopic phase. This classical behaviour makes us propose the hypothesis that the 
quantum dynamics of fundamental interactions exhibits an analogous temporal 
behaviour with an "arrow of time" in the following sense: For a given initial 
state at t = 0, there is (i) some QFT that is extended by the basic ttQFT of 
fundamental interactions, and (ii) a Lorentz-invariant subset of states, say, the 
asymptotic states such that: (1) The ttQFT probability for a transition from the 
initial state to any final state at instant tf but an asymptotic one is negligible 
when tf is large enough, i.e., after a while, the ttQFT probability for finding 
by measurements any non-asymptotic state becomes negligible. (2) The ttQFT 
probability for a transition from an initial asymptotic state to any non-asymptotic 
state is negligible. So physical processes are practically irreversible in the sense 
that non-asymptotic initial states eventually result in asymptotic final states, but 
the reverse is not to be expected. (3) As far as the present-day experiments are 
concerned, the ttQFT probability amplitude for a transition between two asymp- 
totic states is adequately approximated by the QFT one. Thus points (l)-(3) offer 
an explanation how phenomena that we can model by QFTs eventually emerge. 
(4) When QFT is applicable and transition amplitude is not negligible, the pre- 
dominant contribution to the QFT path integral comes from such paths that do 
not vary appreciably over time and space intervals comparable to A. (5) There is a 
particular, x-independent final state, the equilibrium state, such that the ttQFT 
probability for transition from the initial state to any final state at instant tf 
but to the equilibrium state becomes negligible as — > oo. Thus, as t — > oo all 
radiation and matter disappear. 

Our physical picture of how transition amplitudes evolve is entirely based 
on our experience and insights gained from such quantum processes where QFTs 
apply, which use a finite number of fields. So we cannot expect this picture to 
be of much help in comprehending the evolution of transition amplitudes where 
only some ttQFT can provide an adequate description, using in fact an infinite 
number of fields. However, it seems reasonable to assume that the probability 
amplitudes for transitions between initial and final states of several particles can 
be modeled by some QFT so long as these particles stay sufficiently apart in the 
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meantime. We think that such initial, "in" states of scattering experiments in 
nuclear or elementary particle physics that result in ultrarelativistic multiparticle 
interactions do not belong to the asymptotic states (though the final, "out" states 
do). If so, we might obtain information about the hypothetical tt properties of 
fundamental interactions by considering in detail such multiparticle interactions. 

If one extrapolates backward various relativistic cosmological models, they 
imply under quite general conditions that sometime in the past the whole content 
of the universe was located within a small region, which then expanded outward. 
On the analogy of the transition from transport, integro-differential equations to 
the hydrodynamic, partial-differential equations, we therefore expect those con- 
cepts (particles and forces; fields; and dynamic laws with their constants, symme- 
tries, and conservation laws) that are used to model the present universe to be of 
limited use for modeling the very early universe (or for that matter a white dwarf, 
a neutron star, or a black hole). The very early, in variable x extremely localized 
universe was probably dominated by the microscopic phenomena characterized by 
unlimited "speeds" c|p/p°|, and its initial expansion faster than the subsequent 
one dominated by macroscopic movements whose speeds are limited by the speed 
of light. 

A transition from a ttQFT to the QFT it extends is mathematically highly 
singular since it involves transition from an infinite number of fields to a finite 
number of them. So the results of a ttQFT have in general an essential singularity 
at A = 0, i.e., at most an asymptotic expansion in powers of A. And a QFT result 
is in general not the first term of a convergent expansion in powers of A of the 
corresponding ttQFT result. 

6. Concluding remarks 

In this paper we have put forward a new class of relativistic, quantum field 
theories in IR^'^ x IR^'^, ttQFTs, which may extend the present QFTs to higher 
energies without neccesarily implying any new particles whatsoever. They are 
based on the Feynman path-integral approach to quantum dynamics, without 
changing in any way the basic conceptual framework of QFTs; in particular, the 
spacetime IR^'"^ and quantum statics [21] remain unchanged. We have patterned 
the proposed ttQFTs on the kinetic theory of rarefied gases [8, 10, 11], which gives 
a more detailed and accurate description of physical processes than fluid dynam- 
ics, which is suitable only for modeling large-scale phenomena. Therefore, we 
hope the proposed tt approach to quantum dynamics will also enable us to find 
out more about the small-scale physics of fundamental interactions that underlies 
phenomena so far described by QFTs. This tt approach is, to our knowledge, the 
first-ever attempt to apply Feynman's idea about granularity of the microscopic 
world [7] to quantum dynamics of fundamental interactions. His idea is an expres- 
sion of the ancient atomistic concept, well proven in physics of fiuids and solids 
[12], which we took into account in a continuous manner on the analogy with the 
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Boltzmann transport equation. 

In Section 2, we specified the following basic assumptions of an extension of 
a QFT by a ttQFT: (1) Quantum processes considered can be described by the 
initial and final states of the QFT. (2) When calculating transition amplitudes, 
we replace the QFT path integrals, whose paths are fields of the spacetime vari- 
able X, with path integrals whose paths are tt fields of two independent, real, 
four-vector variables x and p. (3) Lagrangian of the ttQFT is a sum of a free La- 
grangian, whose Euler-Lagrange equations are the partial-differential equations 
of free streaming, and of an interaction Lagrangian that is local in x-variable 
and contains no derivatives. (4) The interaction ttQFT Lagrangian depends on 
a positive parameter A. In general, it tends to infinity if A — > 0, but not for 
the asymptotic tt fields that are: (i) the most general solutions to the ttQFT 
Euler-Lagrange equations up to the leading order of A, and (ii) sums of QFT 
fields multiplied by certain functions of variable p. (5) The QFT description of 
a quantum process can be obtained from the extending ttQFT in the asymptote 
A — > 0, where ttQFT transition amplitudes equal the QFT ones. As the ttQFT 
extending the QFT implies it when A becomes exceedingly small, ttQFT may be 
regarded as a generalization in the sense of Weinberg [20] . (6) In the asymptote 
A ^ 0, the asymptotic tt fields whose QFT fields are consistent with the ini- 
tial and final states may be taken as the domains of integration of ttQFT path 
integrals. (7) Covariant averages of tt fields exist that have the same physical 
significance as the QFT fields. 

In Section 3, we constructed a tt Lagrangian whose path integrals are for- 
mally equivalent in the asymptote A ^ to the path integrals specified by a 
general, first-order, gauge-invariant Lagrangian. Which demonstrates that ex- 
tensions of QFTs are feasible within the tt framework; and we can regard the 
standard model as an asymptotic approximation analogous to the fluid dynamics 
in the kinetic theory of gases. We do not know how many tt fields arc actually 
needed for modeling fundamental interactions. Only two may be needed, one for 
fermions and one for bosons. If so, the different fermion, bispinor fields of the 
standard model are only different manifestations, covariant averages, of the same 
two-component-spinor tt field. As there are infinitely many possible tt exten- 
sions of a QFT Lagrangian, in Sec. 3.3 we pointed out certain available options. 
A crucial unresolved question is what physical principles characterize physically 
relevant tt extensions, and, possibly, even uniquely determine them up to a few 
adjustable parameters. 

In Section 4, we considered tt symmetry transformations that induce in 
asymptotic tt fields the QFT transformations of QFT fields. However, it is not 
clear which symmetries of a QFT Lagrangian should be required of an extending 
tt Lagrangian: tt symmetry principles obeyed by fundamental interactions have 
yet to be identified. 

In Section 5, we touched on physics beyond QFTs that the tt approach sug- 
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gests on the analogy of the kinetic theory of gases. We pointed out such ttQFTs 
that are actually QFTs with (i) an infinite number of fields, (ii) massless, first- 
order, free Lagrangians, and (iii) no derivative couplings. We discussed a transi- 
tion from a ttQFT to a QFT. 

In this paper, we have presented the basic premises of a new, tt approach 
to the extension of QFTs to higher energies, and indicated possibilities and open 
questions. One has yet to determine realistic, internally consistent ttQFTs of fun- 
damental interactions, find out their underlying principles and physical contents 
(e.g., how they describe classical systems and infered superluminal influences), and 
work out typical, observable, qualitative and quantitative consequences (in par- 
ticular, experimentally testable corrections to QFTs). Preliminary identification 
and study of the simplest, relevant, model ttQFTs is probably necessary to gain 
an understanding of realistic ttQFTs: how they work, how they modify dynamic 
concepts of QFTs, what kind of physics beyond QFTs they can describe, how rigid 
and logically isolated they are in the sense of Weinberg [12], what approximations 
and mathematical methods make sense and when, and what methods and results 
of contemporary QFTs in higher dimensions are applicable to ttQFTs. 
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Appendix A 

In this Appendix we have collected relations and examples of interest in 
constructing tt extensions of Lagrangians of QFTs. 

A.l Properties of fd'^p, cr±{p), and | 

By {2 A), J d^pF{p) = Jd^pF{-p) and {Jd^pF{p))* = Jd^pF*{p): ifF(p) is 
a real-valued function of real p, then J d'^pF{p) G IR. As the region of integration 
of the fourfold integral Jd'^p is symmetric, Jd'^pF{p) = if F{p) is odd function 
of any component of p. Introducing spherical variables so that 

p^ = ir^/^ cos-d , p = r^/^ sin??(sin ^cos <y?, sin^sin(y?, cos ^) , (A.l) 

we can infer that 

/PCO 
d'^p f{p-p) J ^/(^) ' 

J d^pf{p-p)p"pf' = jd''pp-pf{p-p) , (A.2) 

J d^pfip-p)pyf^p'^p^ = ^[v'^'^v''^ + rf^rf^ + tT^t]^^] J d^p {p-pff{p-p) . 

The reason we defined by (2.4) the invariant, linear functional J d'^p on functions 
F{p) of p G IR^'^ in terms of F{ip^ , p) is that the fourfold integrals over IR^'^ of 
the functions of p in (A.2) do not exist. 

We use the following properties of (7±(j>): 

(y±{p) = (^±{-p) , ^t(^')^^ = (y'^(y±{p) , 

Dy,{K)a±{K-^p) = a±{p)D_y,{A) , (A.3) 

^+(p)^-(p) = <y-{p)<y+{p) = -I, {-a\p) %^^^) ^ (p-py'^'^'P^- 

Hence, under transformations ^^^=1/2 — > C^(A, a)^'±i/2 the products azf(p)^±i/2 
transform as the right-spinor and left-spinor, tt fields ^':pi/2 do, cf. (2.1). 
For all tt fields and ^'j, j = 0, ±1/2, 1, and a complex constant z, 

I z^'^] = z I ^] , I = m I , (A.4) 
[*.-(-p)i*;(-p)] = (-i)'^[*.i*;-], (A.5) 

I i{a-p)^] = [iia-p)^j \ V a G IR^'^ , (A.6) 

[qj. I qj'^ =0 V ^ = , (A.7) 

by (2.2)-(2.4) and (A.3). Hence, | is a real, but possibly negative, scalar 
field, and [\E'j | ip'^j] is a real, four-vector field. 
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A. 2 Asymptotic tt fields 

We take scalar fields 4>i{x), chiral-bispinor fields il^mix), four- vector fields 

fi{x) and Aa{x), symmetric-traceless-second-rank-four-tensor fields Ma{x), and 
antisymmetric-second-rank-four-tensor fields Fa{x). And we incorporate them in 
the following asymptotic tt fields that satisfy (2.12): 

*Oas(a^,P) = hi{p-p)(t>i{x) + 2fu{p-p)(Pi{x)-p + 6f2a{p-p)p-Ma{x)p , 

*±V2as(a;,p) = [a-ip)]'/^^'/%I,^a+ip))fy,mip-p)Mx) , (A.8) 

,p) = (1 — Vl)f3aip-p)Aa{x) + Vlf7i{p-p)<fii{x) 

+ [VAa{p-p)Ma{x) + 2Ua{p-p)Fa{x) + f6i{p-p)Mx)v]P 

(Note, bispinor fields are incorporated in spinor tt fields \E'±i/2as-)- Here: the 
repeated indices are summed over; (Ta)" = T^'^a^ for a second- rank-four-tensor 
T and a four- vector a; (/, ^cr+(p)) is a 2 x 4 matrix, with a±{p) given by (2.3); 
Via = ip-p)~^{p-a)p for a four-vector a [Viil — Vi) = 0, and 'PiFa{x)p = 0]; rj 
is the metric tensor; and /oi(y), fu{y), /2a (y), /i/2m(2/), fsaiv): /4a (y), fbaiv), 
f6i{y), and f7i{y) are some complex functions of j/ e IR; functions /„i with the 
same first subscript are assumed to be linearly independent. 
A second-rank four-tensor T can be written as a sum 



T = F + M + (t)r], (A.9) 

where F = |(T - T*) is an antisymmetric tensor; M = |(T + T*) - |(TrT)r7 a 
symmetric-traceless tensor; and (f) = jTrT a scalar (T* and TrT = T^^ri'^^ are the 
transpose and trace of T, respectively). Hence, we may incorporate tensor fields 
Ta[x) into the four-vector, asymptotic tt field \E'ias(a:;,p), cither piccewise, using 
their parts Fa{x)^ Ma{x), and (f^aix), or as a whole, choosing 2/4^ = 2/5^ = f^a in 
(A.8). By (A.8), we can incorporate scalar, four- vector, and symmetric-second- 
rank-four-tensor fields into a scalar or a four-vector asymptotic tt field. However, 
we cannot incorporate an antisymmetric-tensor field F{x) into a scalar, asymp- 
totic tt field ^'oas(2;,p), nor a scalar field and/or a symmetric-second-rank-four- 
tensor field into a transversal, four-vector tt field ^ia,s{x-iP) such that Vi^ia.s = 0. 
In general, we can incorporate a field that is a direct product of a totally sym- 
metric, rank-m-four-tensor field and of a rank-n-four-tensor (or chiral bispinor) 
field into an asymptotic, rank-n-four-tensor (or two-component-spinor) tt field. 
For the asymptotic tt fields (A.8), 

[*Oas I *Oas] = C'ooij^t^j " C!^,j<p*-<Pj + SCl^ ..TriM^M,) , 

[*±i/2as I *±i/2as] = 1/2 mn^mV'n , (A. 10) 

[^'las I ^las] = IcI,,,A:.A, - Cl^,Tr{MiM,) - C',,,,Tv{fIf,) 
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by (2.2)-(2.4) and (A. 2), where T''' is the tensor adjoint to T, and complex con- 
stants 

ci,^. = J d^p{p-pr-^ru,{p-p)uAp-p) , n>i. (A.ii) 

Let us regard C^^ as elements of Hermitian matrices , assume that they are 
invertible, and denote their inverses by C~^. We can choose the functions /oi, fu, 
f2a, /i/2m, fsa, /4a, fba, feii and f-ji in such a way that Cqq, C*?!, C'22: ^"33, 
C44, C55, Cgg, and Cyy are proportional to identity matrices (as they are if only 
one function of each sort is present, since C^^ are then positive numbers); in such 
a case, there is no interference in (A. 10) between the components of asymptotic 
tt fields '^jQs{x,p). 

The asymptotic tt fields (A. 8) suggest the following fields as potential macro- 
scopic variables: scalar fields 

(t)i[x; *o] = C-^ij / d^pfoj{p-p)'^o{x,p) , 

\ (A.12) 
4>i[x; *i] = Cee', / d^P Uj{p-p)p-'^i{x,p) ; 

chiral-bispinor fields 

^m[x; *±V2] = C-ly.mnjdSfy.niP-p) ( _ j/(p) ) [^+ (p)] '^'^'^'^±1/2 p) , 

(A.13) 

where central, big brackets are 4x2 matrices; four-vector fields 







Aa[x;-^l] 


_ 4^-1 
— 3 ^33 ab 


iPi[x\'^i] 





(A.14) 



symmetric-traceless-second-rank-four-tensor fields 

Ma[x; *o] = 'iC-^ah J d^pf;f,{p-p)^o{x,p)\p^p - ^p-pv] , (A.15) 
Ma[x;^i] = C^^\t,J d'^p fli,{p-p)[^i{x,p)0p + p0^i{x,p) - ^p-^i{x,p)ri] ; 
and antisymmetric-second-rank-four-tensor fields 

Fa[x;^,] = C-\Jd^pf*,{p-p)[^^{x,p)^p-p^^^{x,p)] . (A.16) 
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They satisfy (2.15) and (2.16); e.g., M„[a;; U{A, a)^'o] = A"^M„[Ax + a; *o]A. 

For the asymptotic tt fields (A.8), by (2.2)-(2.4) and (A. 2), the currents 
corresponding to the global phase invariance (4.7) are: 

[*Oas I ^P*Oas] = -^{i<pt{C^ioij<l>j + SC^^.^M,)} , 

[*±l/2as I ip''*±l/2as] = TlCli%,rnn^^-f^tljn , (A.17) 

[*ias I ^P*las] = ^{iAl{Ci,,,F, + lCl,,M,) + z^;[^C',,^^Ma + ^C%,^(l>j)} . 
The free tt Lagrangians (2.8) were defined so that: 

>C/.ee(*0as,p-9*0as) = 3^{(|C7oi y^I^'^'^ + C|l aiK'^'^)5.^.>} , (A.18) 
'C/ree(*±i/2as,p-5*±i/2as) ^ T^CH^^ ^^I'lp^'y^d f^t/^n , (A.19) 

/:/.ee(*las,p-9*las) = -^^2^13 abK'"' + IC^abMinduA,^ 

+{-eClrajM:^'' + ICirij^iVnd.^j,} , (A.20) 

by (2.8) and (A.17). If fuip-p) = 0, then £/^ee(*0as,p-5*0as) = 0; if fsaip-p) = 
fnip-p) = 0, then >C/ree(^ias)P-5^ias) = 0. As we assumed in Sec. 2.2 that 
the interaction part of a tt Lagrangian is strictly local and contains no derivative 
couplings, results (A.18)-(A.20) tell us which combinations of fields and their 
derivatives may appear in such a QFT Lagrangian that has a tt extension (2.11) 
with asymptotic tt fields (A.8). Note that addition of a;-independent terms to 
asymptotic tt fields (A.8) would add only divergences to (A.18)-(A.20). 

A. 3 Examples of tt extensions 

According to (2.10)-(2.11), a minimum requirement that a tt Lagrangian Cu 
is a tt extension of a QFT Lagrangian £ defined in terms of certain fields is that 
(1) these fields are among the fields that define the asymptotic tt fields "^/asix^p), 
and (2) the asymptotic tt Lagrangian £tt(\l/as,P'f^^as) equals C To get an idea 
how we can meet these two conditions, we give a few examples. We will not 
investigate alternatives to definition (3.15) of the part jCx{^) of tt Lagrangian 
that determines the asymptotic tt fields ^'as- 

To consider tt extensions of the Lagrangian for the Dirac equation, 

Cd = -|?7''§mV' - , (A.21) 

we take a left-spinor tt field ^^1/2(0;,^) and an asymptotic tt field ^'i/2as(a^)P) = 
{a-{p), I)fy2{p-p)ilj{x) with a real function fyiip-p). The tt Lagrangians 

C'd = ^C-l{fjk[^y,\p-d-^y,] - mC-ly,[^y, \ ^^2] (A.22) 
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and 

C'Ij = 4C-,%'3fJ[*v2 |p-5*i/2] - mi^[x; ^y^x; ^y,] (A.23) 

are real, scalar fields and equal jCd for * = *as, by (A. 8), (A. 19), (A. 10), (2.15), 
and (3.11). If C%% = 4 and C^/,,/, = m > 0, then ^'^ = Cfree - [^1/2 1 ^1/2]- 

There is no direct tt extension of the Lagrangian Ckg = ^\d(p\'^ — rn?'(fP' 
for the Klein-Gordon equation of a real, massive, scalar field, by (A. 18). The 
Lagrangian 

Ce = -^p'^df.cf) + cpf'cpi, - m'^cf)'' (A.24) 

can be regarded as an equivalent to Ckg, because its Euler-Lagrange equations 
are equivalent to the Klein-Gordon equation and condition ip = d(f). For a real, 
scalar tt field ^^0(2^,^) with ^og,s(x,p) = fi(p-p)[m(p-py/'^(l)(x) + 2(p(x)-p], we can 
check that tt Lagrangians 

C'e = 2m-iC-i'/' [^o\p-d^o] - C^i [^0 \ *o] (A.25) 

and 

C'^ = 2m-^C;^''^^[^o\p-d^o]+^[x;-^o]-^[x;-^o]-rn^(i)^[x-,<i/o] (A.26) 

equal Ce for *o = *Oas. If Cf^ = ^ mClC = 1, then C'^ = Cfree - [*o I *o] • 

We can generalize the free tt Lagrangian [^'i jp-S^'i] of a real, four-vector 
tt field ^^1(0;,^) as the following sum of two real, scalar fields: 

si[Vi^i\p-dri^i] + st[{l - Vi)^i \p-d{l - Vi)^i] , (A.27) 

where si and St are two real parameters; for si = St = 1, this generalization equals 
Generalization (A.27) with si = will enable us to construct a 
local-gauge-invariant tt Lagrangian that equals for certain asymptotic tt fields 
the first-order QED Lagrangian 

Cqe = F^'^'id^A^ + F^,) - ^{\Yd^ + ie^^'A^ + m)V' • (A.28) 

To this end, we choose a complex, left-spinor tt field '^y^ix^p) and a real, four- 
vector tt field ^^1(0;,^); the asymptotic tt fields 



*i/2as(2;,p) = fy2{p-p){~(J-{p)j)^{x), 

*ias(a;,p) = f^{p-p)A{x) -h 2f5{p-p)F{x)p; 



(A.29) 



and fields (A. 13), (A. 16), and 

A[x; *i] = J d^pMp-p)^^{x,p) . (A.30) 
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Take the tt Lagrangian 



C!qe = 2C53' [(1 - n)^! I P-d (1 - ^0^1] + Tr(Ft [x; ^,]F[x; *i]) 

+ 4C-%',3?[vE'v2 1 \p-d - eG{p-p)p-^i]^y,] (A.31) 
-mC-,\/,[*v2 1*1/2] , 

where G(j)-p) is a real- valued function such that 

POO 

Jo 



poo 

4C33 = 7r' / yf3{-y)G-\-y)dy. 
Jo 



(A.32) 



For the asymptotic tt fields (A. 29) the tt Lagrangian Cq^ equals Cqe- And Cq^ 
is invariant under the following tt local-gauge transformations: 

*i(a;,p) ^ *i(a;,p) - G~^{p-p)Vida{x) . 

Under tt local-gauge transformations (A. 33), the fields (A. 13), (A. 16), and (A. 30) 
and fields in (A. 29) transform as under the local-gauge transformations of QED, 

A[x;-^i]^ A[x;-^i]- da{x) , F[a;; *i] ^ F[a;; *i] . 

We do not know how to construct such a gauge-invariant part Cx of a tt La- 
grangian that in general tends to infinity if A — > but for the asymptotic tt 
fields (A. 29) that arc the most general solution to its Euler-Lagrange equations, 
cf. (3.15). We could do without a term such as C\ in a tt Lagrangian extending 
Cqei were there a mechanism inherent to Cq^ that would select the asymptotic 
tt fields (A. 29) as the domain of the tt path integral. If so, C'q^ would be a tt 
extension of Cqe that is invariant under tt counterpart (A. 33) to the local-gauge 
transformations (A.34) of QED. 
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